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Abstract 

The reality of Bohm's intellectual journey is very different from what 
is often claimed by the proponents of "Bohmian Mechanics" and others 
as we will explain in this paper. He did not believe a mechanical expla- 
nation of quantum phenomena was possible. Central to his thinking, and 
incidentally to Bohr's also, was the notion of 'unbroken wholeness', a no- 
tion that is crucial for understanding quantum properties like quantum 
nonlocality. His proposals were based on a primitive notion of 'process' 
or 'activity', producing a more 'organic' approach to quantum phenom- 
ena. He published many papers outlining these new ideas, some plausible, 
some less so, but was not able to develop a coherent mathematical struc- 
ture to support the work. Over the last ten years much of that missing 
mathematics has been put in place. This paper will report this new work, 
concentrating on providing a coherent overview of the whole programme. 

1 Introduction 

Over the many years that have passed since Bohm originally made his 1952 
proposal [7] , myths have grown up as to the source of his motivation to challenge 
the standard interpretation of the quantum formalism. In the first part of this 
paper the historical evolution of Bohm's ideas will be presented, quoting from 
the original sources so that there can be no misunderstanding of his actual 
position. In the second part, an overview of the main advances that have been 
made in the last couple of decades. Some of his informal ideas have now been 
translated into a well defined mathematical structure which has thrown new 
light on his overall approach. 

1.1 The Beginning. 

Contrary to what has been claimed, it was not ideologically driven, nor was it 
an attempt to challenge the predictive successes of the standard formalism. It 
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certainly was not an attempt to return to classical determinism within a classical 
mechanistic philosophy. Yet since his death there has developed an approach 
under the heading "Bohmian mechanics" , which, although using some of the 
same formalism, has a totally different rational from that envisaged by Bohm 
himself. Indeed he came into my room at Birkbeck College one day where 
we worked together since the early 60s carrying a pre-print of a paper, which 
contained a section headed "Bohmian Mechanics" . He asked "Why do they call 
it Bohmian mechanics? Haven't they understood what I have been saying over 
all these years?" 

What was missing in the standard approach, Bohm claimed, was an ade- 
quate notion of an independent actuality [33j. Bohm's original proposal [7] was 
intended to be merely a preliminary step, published simply to demonstrate that, 
contrary to common belief at that time, an account based on an independent 
actuality however limited was, in fact, possible. The remainder of his work in 
physics was to investigate different structures that he hoped would lead to a 
better understanding of quantum phenomena. 

1.2 The Future. 

This later work was intended to supply a radically new approach that would not 
only provide an intuitive understanding of the underlying reality, but, hopefully 
also provide new insights into how quantum phenomena could be united with 
general relativity. But first we had to start with the '52 model [7 , taking it as it 
stands, exploring what insights, if indeed any, it gave us. We collected together 
the work we had done together on this approach in our book, "The Undivided 
Universe" , [UU] [36j . We had intended to write a sequel in which a much more 
radical approach was to be presented. We gave a brief sketch of some of these 
ideas in the last chapter, which we were hoping would form the basis of the new 
book, but unfortunately Bohm died just as we were finalising the UU. 

It was never intended that this book was to be our final word in our research 
together. I had hoped this would be clear when we wrote in the introduction. 

However, because our interpretation and the many others that have 
been proposed lead, at the present, to the same predictions for ex- 
perimental results, there is no way experimentally to decide between 
them. Arguments may be made in favour or against any of them on 
various basis, which include not only those that we give here, but 
also questions of beauty, elegance, simplicity and economy of hy- 
potheses. However these latter are somewhat subjective and depend 
not only on the particular tastes of the individual, but also socially 
adopted conventions, consensual opinions and many other factors 
which arc ultimately imponderable and which may be argued many 
ways. 

There does not seem to be any valid reason at this point to decide 
finally what would be the accepted interpretation. But is there a 
valid reason why we need to make such a decision at all? Would it 
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not be better to keep all options open and to consider the meaning 
of each of the interpretations on its own merits, as well as in com- 
parison with others? This implies there should be a kind of dialogue 
between different interpretations rather than a struggle to establish 
the primacy of any one of them. 

The aim of this paper is to explain in more detail Bohm's original motivations 
and also to give a brief account of some of the more interesting proposals we 
followed. These original proposals have been considerably extended and new 
results have been obtained. Not only have we extended the original '52 work 
to include the non-relativistic spin, but have found a method of applying the 
ideas to the relativistic Dirac electron. This has focussed on Clifford algebra 
techniques which we found fitted Bohm's radical idea of developing an approach 
that assumes an underlying process philosophy based on what he called the 
'holomovement' |17) . 

A considerable surge occurred when two facts became clear. (1) The original 
'52 approach was seen to be intimately related to the Moyal algebra ^75^. (2) 
That the Moyal algebra was isomorphic with the quantum algebra proposed by 
von Neumann [3T], the algebra that led von Neumann to write to Birkoff, 

I would like to make a confession which may seem immoral: I do not 
believe absolutely in Hilbert space any more. [HI] 

For an enlightened account of the development of von Neumann's ideas see Re- 
dei's paper "Why John von Neumann did not like the Hilbert Space Formalism 
of Quantum Mechanics (and What he Liked Instead.)" [52] 

2 Quantum Nonmechanics. 

2.1 The First Analysis. 

Let me start this section by clearing up a very basic misconception; anybody 
who knew Bohm and was familiar with his work would have been aware that 
Bohm did not believe that quantum phenomena could be explained in terms of 
any kind of mechanistic philosophy except in some very limited way. Indeed, in 
a footnote in his classic text, "Quantum Theory" [6j he had already written. 

This means that the term 'quantum mechanics' is very much a mis- 
nomer. It should, perhaps, be called 'quantum nonmechanics'. 

It has been argued that his position with regard to a mechanical interpreta- 
tion might have changed once he had discovered the alternative interpretation 
outlined in his 1952 paper [2, but this is not the case as his book "Causality 
and Chance in Modern Physics" [CC] [10], written in 1957, confirms. I begin 
by quoting from p. 110 
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At this stage, as pointed out in Section 1, the author's [sic DB] prin- 
ciple purpose had not been to propose a definitive new theory, but 
mainly to show, with the aid of a concrete example, that alterna- 
tive interpretations of quantum theory were in fact possible. Indeed, 
the theory in its original form, although completely consistent in a 
logical way, had many aspects which seemed quite artificial and un- 
satisfactory. Nevertheless, as artificial as some of these aspects were, 
it did seem that the theory could serve as a useful starting-point for 
further developments . . . 

Then Bohm goes on to suggest that a mechanistic theory may be a good 
starting point from which to uncover a deeper, richer structure but the philos- 
ophy of mechanism is limited in attempting to give an adequate explanation of 
quantum phenomena. He then goes on in Chapter 5 to develop, and I quote, 

a more general outlook which allows a more satisfactory resolution of 
several important problems, scientific as well as philosophical, than 
is possible within the frame work of a mechanistic framework. 

During my discussion with Bohm, he continued this theme of consistently 
exploring new approaches, some radical, some not so radical. It is the relation- 
ship of these developments and their relationship to the original '52 work that 
I will bring out in this paper. 

2.2 The Basic Problem. 

To fill in the background for those unfamiliar with my relationship with Bohm, 
I would like to point out that Bohm and I were appointed to the teaching staff 
in the Physics Department at Birkbeck College, starting on the same day in 
1961. I already had a Ph.D. in cooperative phenomena but was keen to work 
on the foundations of quantum mechanics. 

Our rooms were opposite each other across a narrow corridor and Bohm 
would pop into my room two or three times a week during term time, and 
whenever we were in College together in the vacations. These meetings went 
on until his untimely death in 1992. In fact we had our final discussion in my 
room on the very day he passed away. 

During our meetings, Bohm would continue from where we left off in the 
previous meeting, clarifying, where necessary, aspects of the previous discussions 
before going on to present his latest ideas, which we would discuss at length. 
These meetings covered many topics, not only on physics and science in general, 
but also on a much wider range of subjects involving philosophy, psychology, 
language and even art. I well understand that this type of discussion is not 
usually encouraged in physics departments, but with Bohm things were very 
different. In trying to develop a radical approach to quantum phenomena, the 
answers would not be found simply by discussing the subject in its present 
context. New ideas can only enter from much wider considerations, and believe 
me, Bohm did not limit the subjects we discussed. 
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For the first ten or so years of working together, we did not discuss the 
causal interpretation (the content of his original 1952 paper) [7], or if we did, 
it was merely some passing remark. I certainly did not study in detail the two 
papers until much later. We were discussing more radical approaches which 
were motivated by our discussions with Roger Penrose, who was on the staff in 
the Mathematics Department at that time. The topic of these discussions was 
how to extend quantum theory to include general relativity. 

When we did finally get round to discussing the content of his original '52 
paper, Bohm himself would be critical of taking the causal interpretation as the 
definitive interpretation of the quantum formalism even in the non-relativistic 
domain. He felt there were too many problems with it in its primitive form, 
although it contained some features that were very enticing and worthy of dis- 
cussion. On the other hand, there were some aspects some that were not so 
convincing as a physically intelligible interpretation. Even Bell [4] acknowledges 
that "Bohm did not like it very much" . 

I will produce some quotes from his papers over the years supporting this 
claim so there can be no misunderstanding as to where this outlook originated. 
I was very fortunate to able to discuss these ideas with him and was delighted 
when he agreed to present a record of the work we did together in our book, UU 
[55] . There we presented a detailed account of the new ideas that had developed 
out of our discussions of the earlier work over the years, presenting an approach 
that I call the 'Bohm interpretation'. Not only did we present what we thought 
were the advantages of this later approach over the original proposals |3T] , but 
we also outlined some of its short comings, finally sketching, as I have already 
remarked, some radical ideas that we were hoping to develop in a subsequent 
publication. Nowhere did we claim that the model was entirely free of troubles. 
Indeed if we had thought it was the 'final' interpretation, then we would not 
have written the last chapter. There we argued that we could not remain within 
the Cartesian order which describes an essentially local order. We write 

In the quantum domain however this order shows its inadequacy, 
because physical properties cannot be attributed unambiguously to 
well-defined structures and processes in space time while remaining 
within Hilbert space, [p. 350] 

We argued what is needed is a new concept of order, the implicate order in 
which what we have learnt from the original Bohm interpretation can be seen 
to arise in a coherent way from this underlying structure. Notice that the new 
ideas developed out of the struggle to clarify the '52 interpretation and we felt 
it was necessary to clarify these as best we could before developing the more 
radical approach in detail. 

2.3 Back to the Early Days. 

Having set the general background, let me go back in time and start with Bohm's 
book Quantum Theory [5] which was published in 1951. This book written 
because Bohm felt the best way to understand a difficult theory was to write a 
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book about it! Thus the book was an attempt to explain quantum theory from 
Bohr's point of view [SQM]. Many thought, at the time, that it was one of the 
better texts on standard quantum theory. Even Einstein thought "It was the 
best that could be done to explain the theory in its present form." 

In the book, under the section heading 'The need for a nonmechanical de- 
scription', Bohm writes the following, 

....the entire universe must, in a very accurate level, be regarded as a 
single indivisible unit in which separate parts appear as idealisations 
permissible only on a classical level of accuracy of the description. 
This means that the view of the world as being analogous to a huge 
machine, the predominant view from the sixteenth to nineteenth cen- 
tury, is now shown to be only approximately correct. The underlying 
structure of matter, however, is not mechanical [S]. 

A footnote immediately below this passage contains the quote above referring 
to 'nonmechanics'. 

It might be argued that this was Bohm's position before he wrote his 1952 
paper and that the '52 paper should be taken as his dramatic conversion to 
a mechanical viewpoint. Not so! Bohm told me that he did not write the 
original paper in order to return to a mechanical model, but to show that it is 
possible to provide some form of independent actuality, or ontology, countering 
the prevailing belief that this was not possible in quantum mechanics. The 
mantra at that time was 'there was no alternative', a position strongly supported 
by von Neumann's no hidden variable theorem |90| . 

Indeed one does not have to take my word for his position with regard to the 
mechanistic philosophy, one simply has to read his book "Chance and Causality 
in Modern Physics" [CC] published in 1957 [10], five years after the original 
paper [7| was published, to find a lengthy discussion of his actual position. Let 
me quickly guide you through the relevant sections. 

Chapter 4 of CC, entitled "Alternative interpretations of the quantum the- 
ory", is devoted to an appraisal of the original '52 model. On page 110, he 
writes 

At this stage, as pointed out in Section 1, the author's principal pur- 
pose had not been to propose a definitive new theory, but was rather 
mainly to show, with the aid of a concrete example, that alternative 
interpretations of the quantum theory were in fact possible. Indeed, 
the theory in its original form, although completely consistent in a 
logical way, had many aspects which seemed quite artificial and un- 
satisfactory. Nevertheless, as artificial as some of these aspects were, 
it did seem that the theory could serve as a useful starting-point for 
further developments, which it was hoped could modify and enrich 
it sufficiently to remove these unsatisfactory features. 

Such developments, which have in fact occurred, at least in part, 
and which are still going on, will be discussed in more detail in 
Section 5. Meanwhile, however, a number of largely independent 
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efforts liave been made in tlie same general direction by Vigier [M] . 
Takabayasi [53], Fenyes[SO], Weizel |5S] and many otliers. While 
none of the efforts cited above has been able to avoid completely 
some kinds of artificial or otherwise unsatisfactory features, each of 
them introduces new ideas that are well worth further study. It is 
clear, then, that even if none of the alternative interpretations of the 
quantum theory that have been proposed thus far has led to a new 
theory that could be regarded as definitive, the effort to find such 
theories is nevertheless becoming a subject of research on the part of 
more and more physicists, who are apparently no longer completely 
satisfied with continuing on the lines of research that are accessible 
within the framework of the usual interpretation. 

In section 5 of CC, he goes on to list a number of what he calls 'significant 
criticisms' of the original model. His first remark is to point out that there is 
difficulty with spin and relativity, but then he continues 

Secondly, even in the domain of low energies, a serious problem con- 
fronts us when we extend the theory given in Section 4 to the treat- 
ment of more than one electron. This difficulty arises in the circum- 
stance that, for this case, Schrodinger's equation (and also Dirac's 
equation) do not describe a wave in ordinary three-dimensional space, 
but instead they describe a wave in an abstract 3A^-dimensional 
space, when N is the number of particles. While our theory can be 
extended formally in a logically consistent way by introducing the 
concept of a wave in a 3A^-dimensional space, it is evident that this 
procedure is not really acceptable in a physical theory, and should 
at least be regarded as an artifice that one uses provisionally until 
one obtains a better theory in which everything is expressed once 
more in ordinary three-dimensional space. 

He continues 

Finally, our model in which wave and particle are regarded as basi- 
cally different entities, which interact in a way that is not essential 
to their modes of being, does not seem very plausible. The fact that 
wave and particle are never found separately suggests instead that 
they are both different aspects of some fundamentally new kind of 
entity which is likely to be quite different from a simple wave or a 
simple particle, but which leads to these two limiting manifestations 
as approximations that are valid under appropriate conditions. 

It must be emphasised, however, that these criticisms are in no way 
directed at the logical consistency of the model, or at its ability to 
explain the essential characteristics of the quantum domain. Rather, 
they are based on broad criteria, which suggest that many features 
of the model are implausible and, more generally, that the interpre- 
tation proposed in section 4 does not go deep enough. Thus, what 
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seems most likely is that this interpretation is a rather schematic 
one which simplifies what is basically a very complex process by 
representing it in terms of the concepts of waves and particles in 
interaction. [My italics] 

In Bohm's paper "Hidden Variables in Quantum Theory" [T3], Bohm writes 

First of all, it must be admitted that the notion of the "quantum 
potential" is not an entirely satisfactory one. For not only is the 
proposed form rather strange and arbitrary, but also (unlike other 
fields such as the electromagnetic) it has no visible source. This ar- 
gument by no means invalidates the theory as a logical self-consistent 
structure, but only attacks its plausibility. 

He then goes on to look at the many body 'guidance' conditions 
Pi = dS{xi . . .Xn ■ ■ ■ X]^)/dxi. [Note that this expression is in configuration 
space.] He then immediately remarks 

All of these notions are quite consistently logically. Yet it must 
be admitted that they are difficult to understand from the physical 
point of view. At best they should be regarded, like the quantum 
potential itself, as schematic or preliminary representations of cer- 
tain features of some more plausible physical ideas to be obtained 
later. 

Bohm's feelings at that time about his original model could not be clearer. 
As remarked earlier, this is why Bell claims that Bohm himself did not like his 
own model and why Bell continues. 

But like it or lump it, it is perfectly conclusive as a counter example 
to the idea of vagueness, subjectivity and indeterminism j4j. 

Recall why Bell was criticising the standard interpretation of quantum me- 
chanics [SQM] in this way. Bohr had left us with the idea that you can only talk 
about the results of experiment and not what is going on between measurements. 
Bohr writes: 

in quantum mechanics, we are not dealing with an arbitrary renun- 
ciation of a more detailed analysis of atomic phenomena, but with 
a recognition that such an analysis is in principle excluded |37j . 

It is this feature of SQM that both Bohm and Bell were questioning. 
2.4 A Digression to what lay ahead. 

At this point I want to amplify my explanation of why Bohm made his com- 
ment quoted at the beginning of this paper expressing surprise of the use of the 
phrase "Bohmian Mechanics" and why Bohm felt we had to go beyond mech- 
anistic explanations. The clearest source explaining his position is, once again 
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"Causality and Chance" [TU] which contains many of the germs of the ideas that 
he and I later developed in new directions. He makes it very clear towards the 
end of chapter 4 that the emergence of DB(52) confirmed his earlier views that 
quantum processes demanded we give up looking for mechanistic explanations. 

Section 9, page 126 of CC has the heading "Alternative interpretations of 
quantum theory and the philosophy of mechanism" . It begins, 

The consideration of the alternative interpretation of the quantum 
mechanics discussed in this chapter [sic DB(52)] serves to show that 
when one divests the theory of the irrelevant and unfounded hypoth- 
esis of the absolute and final validity of the indeterminacy principle, 
one is led to an important new line of development, which strikes at 
the heart of the entire mechanistic philosophy. 

In chapter five, entitled "More general concepts of natural law" , there is a 
detailed criticism of the philosophy of mechanism. I cannot do justice to this 
chapter by attempting to summarise the arguments. The points he makes are 
subtle and deep. It draws on Bohm's experiences of plasma physics, of quantum 
theory, of quantum field theory, of particle physics and of relativity. 

He emphasises what for him was the most significant new feature of QM, 
namely, the interconnectivity of things or 'wholeness'. He writes. 

First of all, we note that the universal interconnection of things has 
long been so evident from empirical evidence that one can no longer 
question it [TT] . 

He is not talking about a mechanistic interconnection which is nothing more 
than an interaction between the fundamental entities that go to make up the 
system. Rather it is an interconnection that sustains the very entities them- 
selves, and defines their properties. Alter the background and the substructure 
of these interconnections and the entities themselves transform into new enti- 
ties. This is not a world of particles with well-defined properties interacting 
through mechanical forces. Something much more radical is involved. 

A fundamental problem in scientific research is then to find what are 
the things that in a given context, and in a given set of conditions, are 
able to infiuence other things without themselves being significantly 
changed in their basic qualities, properties, and laws. These are, 
then, the things that are, within the domain under consideration, 
autonomous in their essential characteristics to an adequate degree 
of approximation jl2j. 

One sub-section in this last chapter is entitled "The process of becoming" . 
In this section he introduces a radically new idea which permeates all his later 
writings. 

Thus far, we have been discussing the properties and qualities of 
things mainly in so far as they may be abstracted from the processes 
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in which things are always changing their properties and qualities 
and becoming other things. We shaU now consider in more detail the 
characteristics of these processes which may be denoted by "motion" 

I personally did not like the word 'motion' and in our subsequent discussions 
it became 'movement', a primitive term which Bohm described by the phrase 
"movement is what is" . The term "movement" ultimately gave way to a new 
term, "holomovement" [T7j, the word being chosen to emphasise the notion of 
wholeness which Bohm felt to be the essential feature of quantum processes. In 
this approach he is already giving up the notion that physics is about particles- 
in-interaction, which was the basic assumption used in DB52. Rather he is 
assuming the notion of process, flux, or the process of becoming, is fundamental 
and underlies all physical phenomena. Objects, such as particles, and even fields 
are to be abstracted from this underlying process. 

Over the years these ideas were developed in a whole series of publications by 
Bohm himself |T8j, [19], [22]. He was still writing about this interconnectivity, 
wholeness and its implications just before he died [25] [35] , 

2.5 Return to the Discussion of Bohm's Early Proposals. 

We have moved too far ahead, so let me return to the specific topic of Bohm's 
original 1952 proposals. What his paper established was that it is possible to 
provide a formalism that could give a description of quantum phenomena in 
terms of an independent actuality unfolding in time which takes place without 
the need for any human intervention whatsoever. 

His initial proposals were very simple and emerged from an exercise he was 
going through using the WKB approximation. He noticed that if you truncate 
a series solution for the wave function sufRciently, you obtain an expression 
that can be given an interpretation in terms of classical mechanics, that is 
of a particle following a trajectory, albeit a modified classical trajectory. In 
other words in this second order approximation you can retain the concept of a 
particle following a well defined trajectory. Why then when you do not truncate 
the series, are you forced to abandon all notions of a particle following a well 
defined trajectory? At precisely what stage of the approximation are you forced 
to give up such a notion? 

If you take the WKB polar decomposition of the wave function, il;{x,t) = 
R{x,t) exp[iS{x,t) /h], and put it in the Schrodinger equation without any ap- 
proximations, you get a complex equation which can be separated into its real 
and imaginary parts. The real part reads 

dtS{x, t) + iVS{x, t)f/2m + Q{x, t) + V{x, t) = (2.1) 

where Q{x,t) — lT?V^R{x,t)/2mR{x,t). To those who are familiar with the 
classical mechanics will recognise immediately that if Q = then the equation 
becomes the well known Hamilton- Jacobi equation, provided the phase >S'(a;, t) is 
replaced by the classical action. Please note that contrary to some discussions. 
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this term, Q, is not added. It appears directly from the Schrodinger equation 
itself. 



If we regard equation (2.1) as a modified Hamilton- Jacobi equation and 
assume the canonical relations p = VS and E = —dtS still hold, we find the 
equation is simply an equation for the conservation of energy, 

E{x, t) = P{x, tf/2m + Q{x, t) + V{x, t). (2.2) 

Thus we see that Q{x,t) is some new quality of energy that only appears in the 
quantum domain and its appearance accounts for the difference between the 
classical and quantum behaviour of a particle. 

I have always been surprised at the reluctance to take the presence of this 
term seriously. Since it comes directly from the real part of the Schrodinger 
equation, with nothing added it must be taken seriously. Why does it appear? 
Agreed at first sight it seems a rather strange object, but that is no reason to 
dismiss it. Surely we should try to explore its meaning by examining its structure 
and how it behaves in various experimental situations. In other words, a key 
question at this stage should be to explore the physical meaning of this new 
form of energy. 

One objection lies in calling it the 'quantum potential', implying it is some 
new form of classical-type potential. It has very different properties from a 
classical potential. It has no external source and it need not fall off with distance. 
It is, in a sense, an 'internal energy'. On the other hand, it contains information 
about the experimental conditions, which is good as it fits exactly what Bohr 
wrote:- 

1 advocate the application of the word phenomenon exclusively to 
refer to the observations obtained under specific circumstances, in- 
cluding an account of the whole experimental arrangement |38j . 

It was this feature that led us to propose that it was an 'information potential', 
again using the notion of 'forming from within'. Thus it might not be a potential 
that produces a 'force', but it is a potentiality for giving rise to a form of 
behaviour without the need for a concept of 'force'. All of these ideas emerged 
from detailed calculations carried out in the 70s. 

Indeed in the fifties when Bohm was originally discussing the quantum po- 
tential, it was not possible to carry out this exploration because it requires con- 
siderable numerical work to perform the necessary calculations, so the physical 
origins of this quantum energy could not be properly explored. As a consequence 
the lack of physical motivation and the fact that we must use configuration 
space, was sufficient reason for Bohm to temporally abandon BM(52). Indeed, 
as I have already remarked, from the early sixties until the mid-seventies Bohm 
did not even mention BM(52) in my company. We were discussing more radical 
approaches based on the notion of process discussed above P^.[TB] 

It was two of our then research students, Chris Philippidis and Chris Dewd- 
ney, who, in the mid-seventies asked me why we never discussed BM(52). It 
may be hard to understand but this was the first time I got round to actually 
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reading BM(52) in detail, even though I had been working with Bohm since 
1962! The reason was very clear. As I have already remarked we had Roger 
Penrose in the Maths Department who was discussing his new ideas on twistor 
theory and I was much more interested in Clifford algebras at that stage. The 
questions raised by the two Chris's drew my attention to the '52 work and we 
started a detailed reappraisal and further exploration of BM(52). 

Let me make it clear that BM(52) had all the mathematics in place to calcu- 
late trajectories and show how quantum 'interference' effects can be explained 
by particle following trajectories, but detailed calculations had not been carried 
out. Our group at Birkbeck were the first to calculate and examine in detail the 
trajectories for many different experimental situations. We learned later that 
similar calculations had been carried out by Hirschfelder, Christoph and Palke 
[76| and by Hieschfelder, Goebel and Bruch [77]. We had also calculated ex- 
pressions for the quantum potential so that we could see exactly how it worked 
to produce the trajectories to be consistent with standard quantum mechanics. 
For the first time we began to see what its properties were and how it worked. 
This work gave many interesting insights to quantum phenomena that was not 
possible with the standard formalism. 

Much of the hard work was done by our research students who included Chris 
Dewdney, Chris Philippidis, Peter Holland, Fabio Frescura, Pan Kaloyerou. 
Later I was joined by Melvin Brown, Owen Maroney, David Robson and Robert 
Callaghan and others who have continued to carry the work forward, by explor- 
ing different aspects of the approach. 

We started by keeping things simple. We assumed there was a local 'parti- 
cle' using the Bohm formalism to calculate possible trajectories that a particle 
follow in order to produce the bunching needed to account for the experimental 
'interference' patterns. Our first set of results appeared in [55], [Mj- 

Initially we explored these trajectories, as well as the corresponding quantum 
potentials, without any preconceived ideas as to what it might all mean for the 
physics. We looked at many different experimental situations in order to obtain 
a comprehensive picture of what was going on. It was only after we had done 
all the calculations that we struggled with the meaning of quantum non-locality 
PP] . with the delayed choice experiment [30], with the Zeno paradox [3S]. We 
got 'inside' the approach; it became part of us. Yes it worked and we found 
out exactly how it worked, but at the end of the day we are still faced with the 
question "What does it all mean?" Can we keep the the simple classical view 
of physics going, a view that is so badly wanted by some? Our conclusion was 
that you could not keep it simple. It just did not hang together. 

Our numerical work and discussions re-ignited Bohm's interest in his earlier 
work. In 1975 we published what I thought was a turning point in our attempts 
to understand what could possibly be going on [20]. I think it was one of the 
most important papers on the subject we published together on this subject. It 
was called "On the intuitive understanding of nonlocality as implied by quan- 
tum theory" . We had over 400 requests for reprints and it was reprinted in 
a collection of essays Quantum Mechanics, a Half Century Later [21 . In that 
paper we developed interconnectedness into 'the wholeness of form' which even- 
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tually led on to the concept of 'active information', a phrase first used in Bohm 
and Hiley [23 . 

The development of these ideas carried us from our inherited mechanistic 
philosophy to a radically new philosophy based on process and wholeness. This 
more 'organic' view didn't come easily to us, well certainly not to me. We 
argued back and forth about these ideas for years! I cannot convey the agonies 
we went through in all those discussions over the years. We didn't just confine 
our attention to the physics handed down to us by our contemporaries. We 
discussed its implications, not only all the fundamental branches of physics, but 
mathematics, philosophy (analytic and continental, ancient and modern); we 
discussed biology, linguistics and psychology. 

Our ideas were not developed in the sixties while sitting lotus position, chilled 
out in some exotic location! They were teased out mainly in the heart of London! 
We discussed with our colleagues and visitors from overseas. We even persuaded 
a colleague in experimental physics to make some experiments on nonlocality 
Uni: and this was before Aspect [Tj! As these discussions developed Bohm 
believed that with the introduction of the notion of 'active information', we at 
last had a physical reason for using configuration space and, in consequence 
an intelligible physical explanation for the quantum potential. But more than 
that, we believed that by the eighties we had the potential foundations for going 
beyond a mechanistic view of the quantum formalism. 

We summarised all these discussions in our paper "An ontological basis for 
the quantum theory" [3T]. In the same issue we showed how the same ideas 
could be extended to bosonic fields. In this we were helped by Pan Kaloyerou 
who made a significant contribution to the work. Bohm himself wrote a paper 
"A Realist View of Quantum theory" This paper repeats much of what 

appeared in the previous paper, placing the quantum potential central to the 
physical interpretation. Bohm believed it was the notion of active information 
that took us beyond BM(52) and onto a physically meaningful underpinning of 
configuration space and hence of the quantum potential. 

In the many-body system, the non-locality in the quantum potential revealed 
a striking new feature in quantum processes. Bohm writes. 

While nonlocality as described above is an important new feature of 
the quantum theory, there is yet another new feature that implies 
an even more radical departure from the classical ontology, to which 
little attention has been paid thus far. This is that the quantum 
potential Q depends on the quantum state of the whole system in 
a way that cannot be defined simply as a pre-assigncd interaction 
between all the particles. 

He then goes on to say. 

But in the causal interpretation of quantum mechanics, this inter- 
action [the quantum potential] depends upon the wave function of 
the entire system, which is not only contingent on the state of the 
whole but also evolves in time according to the Schrodinger equation. 
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Something with this sort of independent dynamical significance that 
refers to the whole system and that is not reducible to a property of 
the parts and their inter-relationships is thus playing a key role in 
the theory. As we have stated above, this is the most fundamental 
new ontological feature implied by quantum theory. [Bohm's italics] 

All of these ideas were collected together and re-presented in a broader con- 
text in our book [35 . It is the first eight chapters that essentially defines what I 
have called the Bohm interpretation BM(BH) and should be considered Bohm's 
last words on the subject. I say 'last words' because we just had completed the 
final draft and were just waiting for an opportunity to take a last look at one or 
two chapters when Bohm died. I decided at that stage to leave the manuscript 
in the form that we had last discussed it and merely remove any typos. We 
were planning to write up a follow up with a more detailed account of his more 
radical ideas, a sketch of which formed the content of the last chapter. Unfor- 
tunately we never got round to writing anything down and I have since been 
pulling together the ideas and extending some of the underlying mathematics. 
For the remainder of this paper I would like to explain this background and to 
briefly summarise some of the latest developments. 

2.6 Bohm's More Radical Ideas. 

As I remarked in section 2.2, when I first started working with Bohm we did 
not discuss his '52 work for the first ten years. He was much more interested 
in exploring a more radical approach in which process was taken as basic. I 
am here referring to the quotation above which refers to the notion of the 
'holomovement'. The basic assumption was that quantum processes could not 
adequately be described by particles/fields interacting in space-time. Rather 
there is a deeper underlying process from which, not only do the particles and 
fields emerge, but this process is the source of the structure of space-time itself. 

In an important paper entitled "Time, the Implicate order and Pre-space" 
[23] Bohm wrote 

My attitude is that the mathematics of the quantum theory deals 
primarily with the structure of the implicate pre-space and with an 
explicate order of space and time emerges from it, rather than with 
movements of physical entities, such as particles and fields. (This is 
a kind of extension of what is done in general relativity, which deals 
primarily with geometry and only secondarily with the entities that 
are described within this geometry.) 

Rather than continuing the tradition of differential geometry, it seemed that 
for quantum phenomena, geometric algebras were a more appropriate tool. In- 
deed in the same article Bohm continues. 

The fundamental laws of the current quantum-mechanical field the- 
ory can be expressed in terms of mathematical structures called 
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'algebras' (indeed, only three kinds of algebras are needed for this 
purpose, Bosonic, Clifford algebras, and Fermionic algebras). 

He then goes on to sketch how these structures could provide the formal math- 
ematics with which a more rigorous scientific approach to the philosophic ideas 
of the implicate-explicate order could be developed. 

Unfortunately at that stage, as I now begin to see, we had not fully un- 
derstood the nature of some of the mathematics that was needed. Since then 
I have had the good fortune to meet a number of first class mathematicians 
who have pointed me in the right direction to remedy this. In particular I have 
to thank Maurice de Gosson who has helped me to understand the important 
role symplectic geometry plays in physical phenomena, particularly in the inter- 
phase between interference phenomena and ray dynamics, essentially a rigorous 
mathematical treatment of what is loosely called 'wave-particle duality'. In al- 
gebraic form this leads to the symplectic Clifford algebras [44] and without this 
structure, the orthogonal Clifford algebra that we had been exploring provides 
only half the structure we need. 

Bohm's intuition in the quote immediately above was partially right since 
each of these algebras can be constructed by using (a) pairs of fermionic or 
Grassmann algebras (these underpinning the orthogonal Clifford) and (b) pairs 
of bosonic algebras (which underpin the symplectic Clifford). These Clifford 
algebras are particular examples of von Neumann algebras [52] , which lie at the 
heart of what is called algebraic quantum field theory [64] . The structure of 
this theory has been developed considerably since the days when we started on 
our exploration and, in consequence, we now have a much richer set of formal 
mathematical tools at our disposal. While these provide new detailed techniques 
to continue our exploration, they do not negate the overarching philosophical 
ideas - in fact they add to the general coherence of the whole approach. 

These general ideas of ours go back to the late sixties and early seventies 
when Bohm, Penrose, Kronheimer, Geroch and myself, together with a few oth- 
ers, were discussing how we would incorporate general relativity into quantum 
theory. What stimulated Bohm and myself was the spin network ideas that Pen- 
rose was developing at the time [55] . This eventually led Penrose into his twistor 
programme f57^. It turned out that the twistor is, in fact, the semi-spinor of the 
conformal Clifford algebra and it was one of the facts that started me exploring 
orthogonal Clifford algebras in the first place. The conformal Clifford contains 
the Dirac Clifford as a sub-algebra, an algebra independently discovered by 
Dirac as the relativistic version of the Schrodinger equation that naturally in- 
cludes the spin of the electron- the famous Dirac equation. This, then, was 
my original motivation to start an investigation of the formal properties of the 
orthogonal Clifford algebras. 

Although I must confess that I was far more interested in the formal side of 
the mathematics than was Bohm, he nevertheless provided considerable insight 
as to how these algebraic structures provide a deeper understanding of quantum 
phenomena. Before I had got to grips with the mathematical details, Bohm's 
own publications discussing the algebraic approach began in the sixties when I 



15 



joined him at Birkbeck College. His first paper on this approach appeared in 
1965, entitled "Space, Time and the Quantum Theory Understood in Terms of a 
Discrete Structure Process" , a paper that was very influential in the subsequent 
development of our ideas [TB]- That was followed by "Space-time Geometry 
as an abstraction from Spinor Ordering" in 1971 [TS], linking in the Clifford 
algebras for the first time. 

It was at this time that we were joined by Fabio Frescura from South Africa 
who wrote a PhD thesis "On the use of Boson and Fermion Algebras in Quantum 
Mechanics" that we set about applying these algebras to Bohm's implicate order 
[55] |54) . Bohm and myself then published "Generalization of the Twistor to 
Clifford Algebras as a basis for Geometry" in 1984 [53]. All of these were 
technical papers discussing a notion of what we called 'pre-space', the implicate 
order providing the essential background to what we were doing. In the same 
volume Frescura and I published the details of how to generate the orthogonal 
and symplectic Clifford algebras from pairs of boson and fermion algebras [SS] . 

3 New Results: Spin and the Dirac Particle. 

3.1 Origins of the Bohm Momentum and Bohm Energy. 

The question that naturally arises here is "What has all of this got to do with the 
original Bohm model?" Surely the whole rational behind the Bohm model was 
to re-establish the role of the 'particle' evolving in space-time. Of course, this 
is but one way to attempt to describe an actual physical process. In fact that 
was exactly what Bohm himself proposed in his original paper. However, as we 
have seen, he soon realised that this approach was rather simplistic and raised 
too many difficulties. The notion of a localised point-like particle carrying a set 
of pre-established localised properties is very much a classical notion and does 
not fit comfortably with quantum theory in general and quantum nonlocality 
in particular. 

In our paper entitled "On the Intuitive Understanding of Nonlocality as 
Implied by Quantum Theory" [20j we write:- 

Rather, the basic qualities and relationships of all the "elements" 
appearing in the theory are now seen to be generally dependent on 
the state of the whole, even when these are separated by distances 
of macroscopic order. 

The notion of pre-established local properties was one of the key assumptions 
recently used by Leggett [5T to derive an identity that a theory must satisfy 
in order to be called a nonlocal realist theory. This identity was shown by 
Grobleacher et al [ST] to lead to what they called a generalised Leggett-type 
inequality. This was then tested experimentally and it was shown that quantum 
systems violated this inequality. 

However they noted in passing that, in the case of the Bohm model, neither 
of the two separating entangled spin-half particles initially carried any individual 
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spin components in the entangled state when the total angular momentum of 
the combined state was zero. As was beautifully demonstrated in the paper 
by Dewdney et al |47], the spin component were shown to develop during the 
measurement process on one of the spatially separated particles, highlighting 
the non-local feature of quantum theory. Grobleacher et al therefore concluded 
that their experiment did not apply to the Bohm model as the Leggett criteria 
insisted that the particle carried all its intrinsic properties with it. In other 
words a spin-half particle possesses its spin in all circumstances. 

Thus to emphasise this important point again, this model makes clear that 
the spin of the individual particles in an entangled pair was 'created' by the 
quantum torque as one or other of the particles passed through a Stern-Gerlach 
magnet, a process that left the particles in a un-entangled state. This torque 
ensures conservation of angular momentum. Thus it is the measurement that 
changes the whole process in a global way illustrating what we called the par- 
ticipatory nature of a quantum measurement. It is this notion of participation 
that forms a key ingredient of quantum processes, a feature to which we drew 
attention on p. 6 of our book, 'The Undivided Universe' [3S]. The participatory 
nature of the measurement was a view shared by Wheeler [551 

This leaves us with the question as to how we can discuss the behaviour of 
individual particles, which seem to be the basic form used in the Bohm model. 
We answer this by writing:- 

However, when the wave function can be expressed approximately 
as a product of functions of coordinates of different "elements" , then 
these latter will behave relatively independently. But such a relative 
independence of function is only a special case of general and insep- 
arable dependence. So we have reversed the usual classical notion 
that the independent "elementary parts" of the world are the fun- 
damental reality and that the various systems are merely particular 
contingent forms and arrangements of these parts. |20j 

We are not alone in noticing this point. Weyl in his classic book '57] made a 
similar point when discussing the technicalities involved in entangled states of 
many electron atoms. Starting with product states, he writes 

The reduction of the product representation, TZ^ , into its anti- 
symmetric, {'R-^}^ and symmetric, [R-^]^ parts involves relationships 
which frustrate any attempt at description in terms of our old intu- 
itive pictures with their orbits and billiard-ball electrons. But the 
difficulty enters already with the general composition rule, accord- 
ing to which the manifold of possible states of a system composed 
of two parts is much greater than the manifold of combinations in 
which each of the particle systems is itself in a pure state. 

Why then does the simple Bohm model actually work? The answer to this 
question will emerge later in this paper, but let us start by recalling that in 
the original paper |7j Bohm arbitrarily replaced the classical action, 5, used in 
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the canonical relation Pb = ViS", by the phase of the wave function, driving 
at what is generally called the 'guidance' condition. I call this momentum the 
Bohm momentum. What is the justification for identifying the phase with the 
classical action? 

Bohm also used the canonical relation Eb = —dtS, giving what I call the 
Bohm energy. Bohm, himself, regarded these relations to be 'subsidiary condi- 
tions' [5], the notion of 'guidance' being irrelevant in the algebraic approach as 
we will see. 

In thinking about how this approach may be related to the algebraic quan- 
tum field approach, I decided to look at the energy-momentum tensor con- 
structed from the Schrodinger field. I found that the fourth component of this 
tensor, T^*^, immediately gave me the exact expressions for the Bohm energy 
and the Bohm momentum. No appeal to any classical theory was needed to es- 
tablish this result and thus there is no need to identify the classical action with 
the phase of the wave function. We now have an explanation of the physical 



origins of Pb and Eb coming from quantum field theory. Equation (2.2 1 then 
shows that the quantum potential is necessary to conserve energy since we have 
only used part of the energy-momentum tensor. 

Here we will assume, initially, that the energy of the particle is below the pair 
creation threshold. If we remove this restriction, our theory becomes a many- 
particle theory and we are able to handle particle creation and annihilation. 
This step immediately opens the way to answering the criticism that the Bohm 
model cannot handle pair creation. It can, but an explanation of this extension 
will take us too far off the purposes of this paper so we will not pursue this idea 
further here. 

Since we no longer have to derive Pb and Eb by identifying the classical 
action with the phase of the wave, we have been able to extend the Bohm 
approach to Pauli and Dirac particles. In fact by using the Pauli and Dirac 
fields in their respective energy-momentum tensors, we immediately find the 
corresponding expressions for these variables for the Pauli and Dirac particles 

m- 

Although Bohm himself showed how to extend his original model to the 
non-relativistic Pauli equation [5] , he was unable to extend the method he was 
using to the Dirac particle. We made an attempt to include the Dirac particle in 
our book |35j , but this attempt was not completely satisfactory since it was not 
possible to find an expression for the quantum potential using these ideas. The 
complete approach shows the nature of these shortcomings as was discussed in 

The way the method was originally extended to the Pauli equation was to 
express the two-component spinor in terms of the Euler angles [9 . It was then 
a fortunate accident that the azimuthal angle could be identified as a common 
phase, S, which was used to replace the classical action in the canonical relations. 
In this case we therefore have to use two arbitrary features, firstly, replace the 
classical action by the phase and secondly identify the azimuthal angle as the 
common phase, neither of which can be justified. 

This procedure does not work for the Dirac spinor with its four complex 
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components. Using the energy- momentum tensor removes these ambiguities 
simply because we no longer need to convert classical canonical relations into 
quantum relations. These relations emerge directly from the quantum formalism 
itself. 

3.2 Algebraic Spin. 

In the previous subsection we have still retained the wave function. Now we 
must become more radical and turn to a fully algebraic approach. To do this we 
need to use the orthogonal Clifford algebra to generalise the Bohm approach to 
include spin. What we find is that the information that is normally contained 
in the wave function is encoded in the algebra itself, in an element of a minimal 
left ideal, ^'^(a;,/:) [S^. It is this move that enables the Bohm approach to be 
generalised so that it can be applied to include the non-relativistic spin of the 
Pauli particle and its relativistic generalisation, the Dirac particle. 

Rather than working with the individual element, we find it more convenient 
to work with what we have called a Clifford density element defined by 

p^{x.t) = '^L{x,t)^R{x,t) (3.1) 

where '^l {x, t) is a suitably chosen element of a left ideal, while '^'u is an element 
of a corresponding right ideal. These symbols replace the usual bra-ket symbols 
of the standard approach so that essentially replaces the usual density matrix. 

The introduction of this element may appear very formal. However there is 
an intuition behind it in the context of a process description. Representing the 
element by a matrix, as we can, produces an array of sub-elements as was first 
presented and discussed in Born and Jordan |39] in their 'matrix mechanics' 
approach. In such an array, the diagonal elements represent 'being', while the 
off diagonal elements represent 'becoming', so that we have an expression of 
both being and becoming in a given context. We can regard 'being' as a process 
that continually transforms into itself as an idempotent, P.P = P. 

It is interesting to note that the singular value decomposition theorem tells 
us that we can write any matrix in the form 

M = UAV* (3.2) 

where V* is the conjugate transpose of V and A is a diagonal matrix. Here 
U and V are regarded as left (right)-singular vectors of M. Furthermore by 
considering the elements to be real, U and V can be taken as rotation matrices. 



This is the actual situation in equation (3.1). To show this let us write 

*L = i>L£ and 'I'fl = eipR, 
where e is the idempotent. Thus 

Furthermore, as Hestenes and Gurtler [67 point out, tp^ produces a rotation, 
with producing a conjugate rotation. 
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If we are interested only in pure states, then we choose our ideal to be 
minimal and write = ^'l where vPl is the anti-automorphism of , called 
Clifford reversion. When we do this, we find = Pip, the idcmpotent condition 
that signifies a pure state. 

Notice in our algebraic approach, we do not have to use specific matrix 
representations for our algebraic elements, although that option is always open 
to us so that we can check how our work relates to the standard approach to spin. 
In this way our results are quite general, being what we can call 'representation- 
free', thus avoiding the confusion as to which representation to use in a given 
situation. 

Our generalisation should not be dismissed as simply replacing the standard 
approach with a more mathematically difficult structure. It is only when we 
use this algebra that we can find the quantum Hamilton- Jacobi equation for the 
Pauli and Dirac particles. In other words, we are able to find an expression for 
the quantum potential in all cases, thus we have a way of generalising the Bohm 
approach to all situations including the relativistic case. 

This now answers another criticism of the Bohm interpretation, namely, 
that it cannot be extended into the relativistic domain. Now we will see it can. 
Another way of extending the approach into the relativistic domain has already 
been presented in Bohm and Hiley [34 , however that method did not include 
spin. 

The new approach gives us a way to explore how quantum non-locality can 
exist in "peaceful coexistence with relativity". This requires extending our 
algebraic approach to the two-particle case, the details of which will be presented 
in another publication. For now we must go on to discuss the time development 
of the single particle Clifford density element. 

3.3 Time Evolution in a Non-commutative Structure. 

In this subsection it is important to realise that we are dealing with a non- 
commutative structure, so any derivates used in the theory must be capable of 
acting from both sides of any element. In other words we have a bi-module struc- 
ture. This means we must introduce two derivatives, A(2. 4)^^ and 5'flA(2. j). 
^(x,t) is a derivative with respect to x and/or t. In the case of time, t, we 
simply write A(() = dt- The time development equation is always generated by 
the Hamiltonian which involves V^. The derivatives for the orthogonal Clifford 
cases are chosen from one of these generalised Dirac derivatives 

^ =1 Z^Li Schrodinger 

V = X^Li ^i^a:, Pauh 

V Y.l,=i Ifidx^ Dirac 

Thus we have both a left and a right Hamiltonian given by 

^ H(^,V,m) and & = iJ(V,y,m). 
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This means that we must construct our time evolution equations from the four 
derivatives 

"S^ddt^R); (^-^l)'^r; *L(*flV). 

Rather than treat these two derivatives separately we will form two equations 
i[{dt^L)'fR + «'L(at*i?)] = idtp = (i^*L)^'fl - *L(*fl&) (3.3) 

and 

«[(5t*L)*fl - ^Lidt^R)] = (^*L)*fl + 



The first of these equations (3.3) can be written in the more suggestive form 

idtP4, = [H,Pi,]- (3.4) 

This equation has the form of Liouville's equation and can be shown to corre- 
spond exactly to the conservation of probability equation. A similar derivation 
has been given by Hirschfelder [78 

Equation (3.4) can be written in the form 

im-9L)'fR - 'i'Lidt^R)] = [H, pc]+ (3.5) 

As far as I am aware this equation has not appeared in this form in the liter- 
ature before it was introduced by Brown and Hiley [i41. , but was hinted at in 
Carruthers and Zachariasen [i^ . 

Using H ~ /2m + V for the Hamiltonian, it is straight forward to show 
equation (3.4) becomes 

dtP + ViPVS/m) ^ 

which is clearly the usual equation for the conservation of probability. 

Equation (3.51 can be considerably simplified if we write = Rexp[eS], 
where e is the generator of the Clifford algebra C'(o,i) [ZD]- After some work we 
find the equation reduces to the quantum Hamilton- Jacobi equation 

dtS +{VS)^/2m + Q + V = (3.6) 

where Q = —V^R/2mR is the usual expression for the quantum potential 
|35j . In this way we have derived the quantum Hamilton- Jacobi equation for a 
Schrodinger particle from the quantum algebra itself. Notice there is no appeal 
to classical mechanics to arrive at this equation. In fact the two dynamical 
equations (3.4 1 and (3.5) form the basis of the generalised Bohm approach to 
quantum mechanics. By applying these equations to the Pauli and Dirac Clif- 
ford algebras, one can obtain a complete description of the quantum dynamical 
equations for the Pauli and Dirac particles. 

Before we can do this we have to know how the Bohm momentum and the 
Bohm energy can be expressed in their algebraic form. A detailed discussion of 
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these generalisations using the energy-momentum tensor can be found in Hiley 
and Callaghan (TOj [ZI]- Here we will be content to simply write down the 
expressions. For the Pauli and Dirac particles we have 



pP^t) = -i^LA^^L = -i (AJ*l)*l - $l(*lAJ) (3.7) 
and an energy by 

pE{t) = i^L^°^L = i[(^°*L)$L - (3.8) 

By using the derivatives listed above we can obtain expressions for the re- 



spective Pb and Eb- These can then be used in equation (3.5) to obtain the 
respective quantum Hamilton-Jacobi equations. The algebraic details to arrive 
at the equations can be rather tedious so will not be discussed here. The full 
treatment of the Pauli and Dirac particles will be found in Hilcy and Callaghan 
[BS] [70] and [7T]- 

The method we have outlined in this paper improves considerably on the 
previous attempts to extend the Bohm approach to spin and to the relativistic 
domain. For example, as we have already remarked, the Pauli equation has 
already been treated using Euler angles by Bohm, Schiller, and Tiomno, [S] 
(See also Dewdney et al [17].) What they did was to express the spinor in terms 
of Euler angles so that 



V^2/ sm(6'/2) exp(-z0/2)y ^' ' 



Here we see the azimuthal angle, ■0, appearing in a position that enabled it to be 
identified as a 'common phase', although no justification was given. Substituting 



this into equation (3.7) above, we find the Bohm momentum for the Pauli 
particle is 

Pb = (VS' + cos eV(t))/2 (3.9) 

This expression was first obtained in Bohm, Schiller and Tiomno [BST] [S]. On 
the other hand using the expression of the element of the minimal left ideal 
gives, when converted into wave functions, 

2pPB{t) = i[(V^i)V^t - (VV-nV^i + W2)V^^ - (V7^;)V2] (3.10) 



which when converted into Euler angles produces exactly equation (3.9). Writ 



ing -01 = Rie^^^ and ^p2 — i?2e''^^, equation (3.7) becomes 



pPBit)^iVSi)pi + (VS2)p2 (3.11) 

where pi = i?f . The meaning becomes more transparent if we write Pi — WSi 
when the expression for the momentum becomes 

pPB{t) = Pipi + P2P2 (3.12) 
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Thus we see that in terms of the usual approach Pb (t) is the weighted mean of 
the momentum that can be attributed to each component of the spinor acting 
by itself. This result was already noted in Bohm and Hiley |35j . 
Similarly the energy expressed in equation ( |3.8| becomes 

pEsit) - ~[{dtSi)pi + {dtS2)p2]. (3.13) 

When this equation is converted into Eulcr angles it becomes 

EB{t) ^ -{dtS + cos0df(j))/2 (3.14) 

which agrees with the expression found in BST [9|. 

Again using the polar form for each spinor component ipi — RiC^^^ , the 
energy can be written in the form 

pEb = Eipi + E2P2 (3.15) 

which is clearly seen as the weighted mean of the energy associated with each 
component of the spinor. 

It should be noted that Hestenes and Gurtler, [67] also have a Clifford algebra 
treatment of spin, but they do not discuss its relevance to the Bohm approach. 
Doran and Lasenby also obtain an expression for the 'guidance condition' [15] 
but do not discuss the quantum Hamilton- Jacobi equation. However the Dirac 
theory has only been partially treated previously in terms of the Bohm approach 
by Bohm and Hiley [35] and by Hestenes [66] where he mentions a possible 
connection with Bohm's quantum potential. 



4 Generalised Phase Space. 

In the last section we report the work done extending and clarifying the role of 
orthogonal Clifford algebras in the Bohm approach. This leaves the question of 
how the symplectic structure enters the discussion. Bohm and I began explor- 
ing the role of the symplectic structure underlying both classical and quantum 
systems in our paper "On a Quantum Algebraic Approach to a Generalized 
Phase Space" [27] . Our work was not based on an entirely new idea since some 
features of our approach were already contained in the Moyal algebra [84] which 
in turn accommodates the Wigner distribution used in what is termed, wrongly 
in my view, the 'semi-classical' approach to many-body problems {42 . 

What we showed in our paper was that by considering two points in configu- 
ration space, we could construct a phase space description of quantum phenom- 
ena, a feature that many physicists think is impossible, or at least limited in 
some way, because of the uncertainty principle. However a careful study of the 
formalism shows that the x and p used in this approach are not the {x,p) coordi- 
nates of the particle, but rather the mean coordinates of an extended structure 
or 'blob' |59j in a non-commutative phase space. This gives mathematical form 
to Weyl's notion of a particle 
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Hence a particle itself is not even a point in field space, it is noth- 
ing spatial (extended) at all. However, it is confined to a spatial 
neighbourhood, from which its field effects originate [96] , 

Thus our idea that the particle is a quasi-local invariant feature of the total 
process receives support from Weyl, whose algebraic approach has strongly in- 
fluenced my own thinking. 

An important feature of this approach is that in the limit of order h, the 
algebraic structure reduces to the Poisson algebra of classical phase space and 
the 'blob' becomes a point particle |75|. 

To return to our original paper [27] , it should be noted that we did not pay 
sufficient attention to the non-commutative nature of this phase space. Rather 
we proposed a way of defining a modified Wigner distribution that would always 
provide a positive probability distribution. This approach would predict differ- 
ences from standard quantum mechanics, but I now believe that our attempt to 
construct a positive-definite distribution was somewhat beside the point. The 
reason being that the Wigner distribution is actually the density matrix in dis- 
guise, being expressed in terms of the sum-and-difference of coordinates and 
there is no reason why such a density matrix should always be positive. 

There we also attempted to extend our ideas to the Dirac theory but 
again the attempt was rather premature for two reasons: (1) we did not yet have 
a sufficient understanding of how to apply the orthogonal Clifford algebra to the 
Dirac equation itself in the context of the Bohm approach and (2) we did not 
have a sufficient understanding of the symplectic Clifford algebra to complete the 
discussion. As we have already seen in the previous section, the first difficulty 
has now been removed by Hiley and Callaghan [71 . We are therefore now in 
a position to go on to discuss how the symplectic Clifford algebra enters the 
discussion. 

4.1 Moyal and von Neumann Algebras. 

To explain the role of the symplectic Clifford algebra, we must return to con- 
sider two very early papers. The first is a long forgotten paper by von Neumann 
[5T] , where he proposes a purely algebraic approach to the quantum formalism. 
Here he emphasised the structure of the operator algebra rather than its repre- 
sentation operating on vectors in Hilbert space [53]. In other words, the wave 
function plays a minor role, as all the necessary information needed to describe 
the quantum state is already contained in the operator algebra itself as we have 
already pointed out [S3]. The second appeared two decades later. It is the 
classic paper by Moyal [84] . In this paper he shows how the operator formalism 
can be regarded as providing a generalisation of ordinary statistical methods 
applied to a non-commutative phase space. 

It turns out that the mathematical structure proposed by Moyal is isomor- 
phic to that described by von Neumann. The von Neumann structure depends 
on two parameters a and /3, but no physical meaning is attributed to them. 
On the other hand Moyal calls them p and x giving them the meaning of the 
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momentum and position of a particle. In this way he draws attention to the 
possibility of describing quantum phenomena in a phase space. However we now 
know this is no classical phase space, it is a non-commutative phase space, where 
the symbols p and x are subject to star-multiplication f{p,x) * g{p,x), which 
is non-commutative |101| |75) . This product is called the Moyal product even 
though it was actually defined in the original von Neumann paper. Furthermore 
as we have noted above, the coordinates x and p are not the coordinates of a 
point particle, but the mean values of a quantum 'blob' in a symplectic space 
which becomes the classical phase space in the classical limit. 

What this result means is that the Moyal algebra should not be regarded as 
'semi-classical' as it is at the heart of the standard quantum formalism, which 
is, of course, why the approach reproduces exactly all the quantum expectation 
values. It is a way of treating quantum phenomena in a non-commutative space, 
which for obvious reasons, we have called a 'non-commutative phase space'. We 
will emphasise again, the great advantage of this approach is that to 0{h) the 
'blob' becomes a point and the p and x now refer to the momentum and position 
of a classical point particle. Furthermore the Moyal algebra becomes the Poisson 
algebra in this limit so that the resulting phase space is commutative, being the 
phase space of classical mechanics. 

Once again we must ask, "What has this all to do with Bohm's model?" 
In actual fact I initially put the question to myself in another way, "If Moyal's 
work produces the correct quantum expectation values based on a phase space, 
and the Bohm model, based on what appears to be a different phase space, 
produces the correct quantum expectation values, then surely there must be 
some relation between the two sets of formalism. What is this relation?" 

A close examination of the Appendix to the Moyal paper, revealed a deriva- 
tion of the so-called 'guidance' condition p — WS directly from the Moyal al- 
gebra itself with no appeal to any classical limit. Moyal then developed the 
transport equation for this momentum and found it was identical to the Bohm 
quantum Hamilton- Jacobi equation with the quantum potential clearly visible 
[72] . Moyal did not draw attention to this term since his work pre-dates Bohm's, 
rather he simply showed how the Schrodinger equation could be obtained from 
the equation. Thus two very different starting points, Moyal's and Bohm's, led 
to identical equations [72]. This fact alone again points to a deep connection 
but we need to find exactly what this connection is. 

4.2 Relation between Bohm and the Moyal Algebra. 

What is emerging here is that if we start, as von Neumann does, by examin- 
ing the Heisenberg group algebra, we are led to a non-commutative symplectic 
geometric algebra, an analogue to the orthogonal Clifford geometric algebra. 
Now the symplectic geometry is a common symmetry in both the quantum and 
classical domains, the geometry being non-commutative in the quantum domain 
but becoming the Poisson algebra with commutative products in the classical 
domain. This is a particular example of a deformation algebra, a simple account 
with further references will be found in Hirshfeld and Henselder [75] . 
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As we have already seen, the algebraic density element is key to the Chf- 
ford algebraic approach. It may seem odd to introduce a distribution function 
to describe a single 'particle', but it should be remembered that in a process 
based approach, the notion of a 'particle' is not a sharply defined point object 
but a quasi-local invariant feature of the total process. If we try to replace this 
quasi-local by a point particle, the position of the point will be ambiguous. Nev- 
ertheless we can characterise each individual process by two parameters which 
can be regarded as the mean position and the mean momentum. It is this fea- 
ture that allows us to track an individual process in space-time. In the classical 
limit these variables can be associated with a localised energy, the point particle. 

To find expectation values of quantum operators, now treated as elements 
of the algebra, we must first find the corresponding Weyl symbol, 

A o A{p,x) 

For more details of how this is actually accomplished, see de Gosson j57]. The 
well known ambiguity in this symbol is removed in our approach by insisting on 
symplectic covariance jSSj . Once we have the expression of the Wcyl symbol, 
the expectation value of the operator A is calculated from 

{A) = j J A{p,x)F^{p,x)dpdx 

This procedure always produces exactly the same expectation value as calculated 
from the standard formalism. 

Given a distribution which depends on two sets of random variables, we also 
have the possibility of determining conditional expectational values [CEV]. For 
example, for the single particle, we can ask for the CEV of the momentum by 
treating F^{p, x) as a probability distributiorj^ This CEV is given by 

P-<P= j pF^{p,x)dp (4.1) 

If we apply this to a non-relativistic spin-less particle, usually described by a 
wave function, which we write as "0 = Re^^^^, we find that 

P^VS^Pb 

which is just the Bohm momentum Pg. Just for the record, it should be noted 
that this method of deriving Pb first appeared in the appendix of Moyal's paper 
referred to above [84 . 

^Note F^{p,x) is not strictly a probability distribution as it can become negative. Both 
Bartlett [SJ and Feynman j5i| have shown how these probabilities can be justified. However 
the probability distribution is just the density matrix expressed in terms of a mean position 
and a mean momentum of an extended process. We then find, for example, some conditional 
mean-square deviations take on negative values I100| . This is why Moyal 1841 regarded his 
theory as a generalised statistical theory. 
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To find the Bohm energy, we simply extend the phase space to include the 
energy and time so that the distribution function becomes F^(p, x, E, t). Using 
this distribution, the conditional expectation value of the energy is given by 



E{x,t) = J EF^{p,x,E,t)dp. 



We find 



E{x,t)^-^^EB. 

As is well known we can find the expectation value of any element A from 
conditional values via 



(A) = I P{x,t)P{A\x)dx 
so that, for the momentum 

(P) = / P{x,t)P{p\x)dx. 



Above we have shown one way of finding the CEV, but there is another 
somewhat surprising way that has recently emerged. 

The CEV of P in the quantum formalism can be written in the form 

In the quantum literature this is called a weak value of the momentum [S3]. It 
is easy to show that by using t/j = Re^^^'^, the weak value for the momentum is 

{xm{x,t)) 



ipix^t) 

which is, of course, just the Bohm momentum. Now it is well known that a CEV 
can be measured. Thus the Bohm momentum, being a CEV of the momentum, 
must be measurable. Indeed it has actually been measured in an interference 
experiment by Kocis et al. [80'. Flack et al [52j are in the process of measuring 
the Bohm momentum of aluminium atoms. 

By now it should be clear that the Bohm model deals with conditional prob- 
abilities within the standard quantum formalism. If we merely limit ourselves 
to the standard Hilbert space formalism, it is easy to miss this deeper structure. 
This position becomes even more compelling if we extend this formalism to the 
case of spin and to rclativistic particles like the Dirac electron. In the next 
section we sketch how the formalism can be extended into these domains. 

Before moving to consider this generalisation, we want to emphasise again 
that within our approach the 'particle' is not a 'rock-like' point particle. It 
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has an extended structure which we have called the 'quantum blob'. However 
this name, although suggestive, should be replaced by a more formal concept. 
Maurice de Gosson [56j has suggested that it should be called a 'metatron'. This 
suggestion stems from the mathematical structure in which it appears. 

The symplectic group, like the orthogonal group, has a double cover, the 
metaplectic group. By lifting the classical motion from the symplectic manifold 
to the covering metaplectic manifold, we find the appearance of a wave func- 
tion and the Schrodinger equation [62]. Thus any quasi-local semi-autonomous 
structure will unfold under the metaplectic group and for this reason we call 
this 'object' a 'metatron'. What we find is that this metatron is an individual 
entity described by its mean momentum and mean position. 

As we have seen the Bohm model suggests that these parameters identify 
a particular process within an ensemble of possible individual processes, so we 
propose to regard each individual process as the evolution of a metatron. Thus 
we can identify each individual process by a pair of parameters enabling us 
to distinguish each individual process in the ensemble. Bohm noticed a similar 
parameterisation of each process but, for simplicity, called the individual a 'par- 
ticle'. The term metatron is a better name the individual process unfolds via 
the metaplectic group. In the classical limit when terms involving and above 
can be neglected, the metatron become the classical point particle subjected to 
Hamiltonian dynamics. 

4.3 The Moyal Algebra with Spin 

In the previous subsection we showed how the Bohm model emerged from the 
von Neumann algebra when expressed in the language of the Moyal algebra. 
However the Moyal algebra does not include a description of spin, nor is it 
relativistic. In this section we will show how to combine the Moyal algebra with 
the orthogonal Clifford algebra so as to include spin and even relativity. 

As explained above, we introduced a Clifford density element which we 
wrote as 



where 'i>L{x,t) is an element of a suitable chosen minimal left ideal. 

In order to construct a phase space, we follow the procedure developed in 
Bohm and Hiley |27j where we formed a two-point density function 



This means that we can write a generalised Wigner-Moyal distribution function 
as 



where X = {x2 + xi)/2 and y ~ X2 — xi. This distribution was used in Hiley 
[75j to show that, after some work, the conditional expectation value of the 



P^{x,t) = ^L{x,t)<I>L{x,t) 



p^{xi,X2,t) = ^L{xi,t)^L{x2,t) 




y 
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momentum P is 

p{x,t)PB{x,t) = / pF^{p,x,t) ^ pi{x,t)d.,Si{x,t) + p2{x,t)d,S2{x,t) (4.2) 



which is exactly the equation (3.11). By generalising the Wigner distribution 
to include energy, we find the conditional expectation value for the energy is 
exactly that obtained in equation ( 3.13 ). Once again we see the intimate relation 
between the the Moyal algebra and the generalised Bohm approach. 

4.4 Non-commutative Phase Spaces 

In the previous subsection, we introduced a pair of time development equations 
for the Clifford density element p^. In Hiley [75] it was shown how the Clif- 
ford algebra approach could be generalised to apply to the non-commutative 
phase space introduced by Moyal. When this is done one again finds two time 
development equations. The analogue of equation (3.4) takes the form 

dF^{p,x,t) 



dt 



{F^ip,x,t),H{p, x)} 



MB 







(4.3) 



where {F^{p,x,t), H{p,x)}mb is the Moyal bracket defined by 

a ★ 6 — * a 



{a,b} 



MB 



Thus we see that the commutator bracket in equation (3.4) has been replaced 
by the Moyal bracket. 

The analogue of the second equation ( |3.5[ ) is 

(4.4) 



8{p,x,t) + {H,F}BB=Q 



where the anticommutator has been replaced by {H^F^bBi the Baker bracket 
(or Jordan product) defined by 



{a,b}BB = 



a-k b + b-k a 



The left hand side of equation (3.5) has been replaced by £{p,x,t), which is 
defined by 



£{p, X, t) — — i(27r)" 



-trp 



4>*ix-T/2) d t4'{x + T/2) 



dr, 



The Tkr-product can, for our purposes, be defined as 



a{x,p) ■kb{x,p) = a{x,p) exp[ih{d ^ dp - d x d p)/2]b{x,p) 

which shows that the Moyal bracket will be a power series in h. If we retain 
only the terms to 0{h), we find 



Moyal bracket — >■ Possion bracket. 
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While in the case of the Baker bracket we find 



Baker bracket — > simple commutative product. 

I want to emphasise here that it is the classical limit of the Baker bracket that 
reduces the Moyal algebra to the commutative algebra. The Moyal bracket, 



although playing the role of the commutator in equation (4.3), does not vanish 
in the classical limit. Rather it becomes the Poisson bracket, forming the basis 
of classical mechanics. More details of the Moyal algebra can be found in Zachos 
et al. pm] 



Indeed in this limit we find that equation (3.4 1 becomes the classical Li 



ouville equation, while equation (3.5) becomes the classical Hamilton- Jacobi 



equation. This last result justifies the name 'quantum Hamilton- Jacobi equa- 



tion' for equation (3.6). Notice that the quantum energy plays a significant role 
in this first order differential equation and vanishes in the classical limit. 

The most important lesson we learn from the Moyal approach is that the 
quantum algebra contains classical mechanics as a limiting case. There is no 
need to look for a correspondence between commutator brackets and Pois- 
son brackets, a process which fails, as was demonstrated in the well known 
Groenwald-van Hove 'no-go' theorem [62]. Nor is there any need to introduce 
decoherence to reach the classical level. 

4.5 Shadow Phase Spaces and the ExpHcate Order. 

Finally I would like to link the progress that has been made with the formalism 
discussed above and the more philosophical ideas that David Bohm felt would 
provide the background to give a more intuitive understanding of the quantum 
formalism [22] . 

To do this let us first return to a technical point. We introduced in equation 



(4.1) the CEV of the momentum. Notice, however we could have alternatively 



introduced the CEV of a position variable x. We could then define 

X = y xF^{p,x)dx (4.5) 
It can be shown that in this case 

This move is equivalent of going to the p-representation. Recall that in this 
representation, the operator x is given by i = i J^. Thus the Moyal phase space 
contains both of these representations, retaining the symmetry found in the 
standard formalism. 

The use of conditional expectation values produces a new situation. Just as 
we treated the pair (p, x) as defining what I will call a Bohmian phase space, we 
can use the pair (p, x) as defining another Bohmian phase space. In Brown and 
Hiley [41] we explored the structure of these two phase spaces and found that the 
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same quantum system produced two different sets of trajectories. Further inves- 
tigations by Brown [ID], using fractional Fourier transformations, showed the 
existence of other possibilities, so the conclusion was that the Bohm approach 
has the possibility of at least two phase spaces, a (p, x) phase space or a (p, x) 
phase space. On the positive side this restores the mathematical symmetry of 
the cc-representation and the p-representation that Heisenberg [55] complained 
was missing in the original Bohm proposal [7j. However by doing this we have 
returned to the situation that Pauli [85] complained about, namely. 

One can look at the world with the p-eye and with the a;-eye, but if 
one wishes to open both eyes at the same time, one goes wrong. 

Thus the attempt to produce one unambiguous representation of quantum phe- 
nomena seems to have been thwarted once again. 

However the appearance of dual images are not totally unknown. Indeed 
ambiguous images such as the pelican-antelope (see Figure 1) or the old lady- 
young lady are by now well known. 



Here the ambiguous structure of lines can be given two meanings which appear 
to be contradictory, the contradiction arises because we try to fit the structure 
to an image of some previously experienced image, not of what is actually there. 

In quantum domain we are trying to fit classical images to the phenomena 
and failing. This ambiguity arises, not because there is no underlying process, 
but because the process is different from what we expected. What underlying 
structure could possibly lead to this ambiguous situation? 

For us, and also for Bohr, the most important new feature of quantum phe- 
nomena is the notion of unbroken wholeness. We, together with our instruments, 
are inside the world looking out. We are not gods outside looking in. Being 
'inside' means that our attempts to construct a 'third-person view, an explicate 
order, must necessarily produce a partial or, if you like, ambiguous account. But 
this does not mean there is no underlying structure which can account for the 
partial images. What we should be doing is to try to understand this underlying 
order. 

In order to achieve this understanding we have to develop a radically new 
way of thinking that makes it clear what limitations to which we are subjected, 
not in an absolute sense, but in a sense that we can only have a set of partial 
views- a set of explicate orders. These are not any old orders, since they must 
cohere within a deeper order. This deeper order is the implicate order. This is 
the essence of Bohm's notion of the implicate order [22] ■ 





Figure 1: Pelican- Antelope Illusion. 
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A sketch of the informal ideas with which to understand quantum phenomena 
is already contained in Bohm's discussion of the process of becoming \13\ . I will 
not try to repeat Bohm's arguments here as they are beautifully presented in 
his extensive writings. What I want to draw attention to here is the fact that 
already in the earlier writings of Grassmann |60j . Hamiltion |63j . and Clifford 

, attention had been drawn to the possibility of an underlying basic process 
which could be adequately discussed in terms of an algebra. Not an algebra 
in space-time, which is what I have been exploiting above, but algebras from 
which space and time is abstracted, which is what still has to be done. We can 
begin to get an idea of where to start by following Liebnitz 

• Time is the order of succession => multiplication. 

• Space is the order of coexistence addition. 

which implies an algebra since two binary relations define an algebra 

Since the process of becoming is basic, our algebra is basic. Now we have to 
abstract space and time from this algebra. How do we do this? The answer lies 
in the ideas developed by Gel'fand [IS] . There are essentially two approaches to 
a dynamical system. The traditional way, which assumes an a priori given man- 
ifold with topology and metric on which one can discuss the time development 
of a system placed in that space in terms of some algebraic structure. 

Alternatively, we can start with the dynamical algebra and, provided the 
algebra is commutative, one can deduce all the properties of the underlying 
manifold from the algebra itself. In other words the nature of the space-time 
properties are encoded in the algebra. This only works for commutative struc- 
tures. If the algebra is non-commutative, as it is for quantum phenomena, then 
there is no unique underlying manifold. All you can find are sets of 'shadow 
manifolds' or, if you like, explicate orders. This is exactly what we find here. 
For a more detailed discussion see Hiley [75] . 

Note, however these are not sets of arbitrary explicate orders. Each one 
takes it form from the same algebra, the same implicate order. In quantum me- 
chanics we know what defines each explicate order-the experimental conditions. 
The experimental conditions impose constraints on the overall order so that we 
now open up the way to provide a coherent way of understanding quantum phe- 
nomena in terms of a real underlying process, a process that cannot be uniquely 
described in a single space-time order. 

5 Conclusion. 

In this paper we have reviewed what I will call the Bohm programme aimed 
at providing a model of an independent reality that lies behind the quantum 
formalism. We have taken his physical and philosophical insights and developed 
the mathematics in which these ideas can be given a precise form. In this paper 
we have concentrated on low energies (below pair production energies) where 
a single particle can be discussed both at the non-relativistic and relativistic 
levels. 
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The mathematics is not new, being based on an algebra first introduced 
by von Neumann [M] and later developed by Moyal [Hj. This algebra, when 
supplemented by the orthogonal Clifford algebra [69], gives a complete account 
of single particle quantum phenomena. The extension of these techniques many- 
body systems [50] and to quantum field theory [32] [3S] will not be discussed 
here, but will be presented elsewhere. 

Notice here we are essentially exploiting the structure of a von Neumann 
algebra of type I. Type II and III von Neumann algebras have a much richer 
structure that enables us to link quantum theory with thermodynamics [49] [44] . 
This opens up a very rich area for exploration which, again, we leave for another 
paper. 

Although we have shown that the algebraic formalism contains both quan- 
tum and classical dynamics in one mathematical structure, big questions remain: 
How is it that, in our macroscopic world, there is a unique space-time order? 
What are the principles that lead from this process description to the appear- 
ance of the quasi-local semi-autonomous particle structures we find around us? 
How does the space-time structure emerge from this underlying process? 

What is still missing is a general principle which ensures that stable systems 
can emerge. At present all we have some rather vague ideas as to how this can 
happen, but as yet it is not clear enough to be discussed here. This is a question 
for the future. 
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